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1. Introduction
Conformal geometry has found applications in the study of general relativity, in the study of
the famous Yamabe problem, as well as in other areas. These studies have led to the investigation
of conformally covariant operators; see [1, 2, 3, 5, 6, 11, 12, 13, 19] and the references they cite.
The study of conformally covariant operators has traditionally focused on differential opera-
tors. This paper describes a new construction of a family of intrinsically defined conformally
covariant pseudo-differential operators on arbitrarily curved manifolds. In such constructions
one usually identifies operators that agree modulo smoothing operators, and we do so in odd
dimensions. In even dimensions our operators are well-defined modulo lower-order operators
as explained later in this introduction. Our construction is based on the operators of Graham,
Jenne, Mason, and Sparling described in [13]. These authors have constructed a family of
conformally covariant differential operators of arbitrary positive even integer order on arbi-
trarily curved manifolds of odd dimension. Our operators may have any desired real-number
order, and our operator family includes operators which agree with the GJMS operators modulo
smoothing operators. In odd dimensions both families of operators include the familiar Yamabe
operator and the fourth-order operator of Paneitz [16] and Eastwood and Singer [10].
Our family includes other previously known operators. The conformal Dirichlet-to-Robin
operator as defined in [7] is a first-order conformally covariant pseudo-differential operator. If
k = 12 , then for odd n the operator Pg,2k which we define in this paper agrees (modulo smoothing
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operators) with the conformal Dirichlet-to-Robin operator on the standard n-sphere Sn . The
conformal D-to-R operator is an operator of Dirichlet-to-Neumann type. Much recent research
has involved D-to-N operators. See [18], for example.
In [8] Branson and Gover construct conformally covariant pseudo-differential boundary
operators of odd integer order on arbitrarily curved manifolds. For odd n our operator family
on the standard n-sphere Sn includes these operators. Our family of operators could aid in the
study of the operators in [8], of other operators in our family, and of related Sobolev embeddings.
Our operators could also help with future generalizations of existing operators to pseudo-
differential operators of arbitrary order on manifolds with arbitrary curvature. In [7] Branson
proposes the search for arbitrarily curved conformally covariant analogues of the Knapp–Stein
intertwining operators defined in [14]. By [4], our family of operators does in fact include such
analogues for some of the Knapp–Stein intertwining operators.
Chang and Qing ([9]) have discovered a third-order conformally covariant boundary operator
on the boundary of compact 4-dimensional manifolds. They raise the question of the existence
of a conformally covariant intrinsic operator of bidegree (0, 3), as defined below, on compact
3-dimensional manifolds ([9, p. 343]). If k = 32 , then our operator Pg,2k in dimension 3 is
an intrinsically defined operator of bidegree (0, 3) which is well-defined modulo smoothing
operators.
Another motivation for our work is Seeley’s construction, [17], of pseudo-differential op-
erators of arbitrary order. We do the same thing within the realm of conformally covariant
operators. For any complex number k, the leading symbols of Pg,2k and Seeley’s kth power of
the Laplacian agree up to a constant factor.
A detailed statement of our results requires a few definitions. Let M be a manifold. Suppose
we associate with each Riemannian metric g on M a linear operator Pg acting on smooth
complex-valued functions on M which is given in some way by algebraic expressions in g, the
cometric g], the Levi-Civita connection ∇, and the Riemannian curvature tensor R. The family
{Pg} is then said to be naturally defined. The Laplacian is an example:1 f = −gi j∇i∇ j f . Here
we let gi j denote the components of g# relative to some system (x1, . . . , xn) of local coordinates.
We use the Einstein summation convention. The expressions that give any naturally defined
operator are universal in the sense that one uses the same expressions to construct the operator
regardless of the choice of manifold or Riemannian metric.
Let g be a Riemannian metric on M . Let ω : M → (0,∞) be smooth, and let Ä = eω.
Then we say that the metric g = Ä2g is conformal to g, and the set of all metrics which are
conformal to g is said to be a conformal class. Let n > 0 be an integer, and suppose there exist
numbers a and b in C such that for all manifolds M of dimension n, for all f ∈ C∞(M), and
for all Riemannian metrics g and conformal metrics g on M , we have
Pg f = Ä−b PgÄa f. (1)
Then we say that the family {Pg} is conformally covariant in dimension n of bidegree (a, b).
In (1) and throughout this paper we denote composition of operators by juxtaposition. The
expressions Ä−b and Äa stand for multiplication operators.
Let M be a second-countable manifold without boundary of dimension n > 2. We henceforth
assume that n is odd, unless we note otherwise. Let k be any complex number. In this paper
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we construct a naturally defined pseudo-differential operator Pg,2k of order 2(Re k) which is
conformally covariant of bidegree ((n − 2k)/2, (n + 2k)/2). We identify operators that agree
modulo the smoothing operators of Definition 2.7, below. We also show that distinct choices
of k result in distinct operators.
For any positive integer k let Lg,2k be the GJMS operator on M of order 2k. This operator
has bidegree ((n − 2k)/2, (n + 2k)/2). Let σ(Lg,2k)(x, ξ) denote its symbol. Then
σ(Lg,2k)(x, ξ) =
∞∑
h=0
pg,2k,h(x, ξ), (2)
where for all nonnegative integers h, pg,2k,h(x, ξ) is the part ofσ(Lg,2k)(x, ξ)with homogeneity
2k − h in ξ . If h > 2k, then pg,2k,h(x, ξ) is zero. We will show that for any given h > 0, there
exists a fixed formula for pg,2k,h(x, ξ) which one evaluates at different values of x , ξ , and k.
For ξ 6= 0 we will see that
pg,2k,h(x, ξ) = |ξ |2k−4hg qg,h(x, ξ, k). (3)
Here qg,h(x, ξ, k) is a polynomial in ξ and k, and |ξ |2g = gi jξiξ j . We will polynomially continue
(2) and (3) to complex values of k and construct an infinite series of pseudo-differential symbols.
Term h of the series will be homogeneous in ξ of degree 2k − h and of order 2(Re k)− h. The
series will thus be the asymptotic expansion of some pseudo-differential symbol of order
2(Re k). We will use series in this way to define symbols on the charts of an atlas and then use
these symbols to construct Pg,2k . In Section 4 we will see that Pg,2k is conformally covariant
and well defined. These properties polynomially continue from positive integer values of k to
all complex values of k.
If n > 2 is even, then the GJMS construction produces an operator Lg,2k as above, but only
for 1 6 k 6 12 n. This gives rise to the requirement that n be odd in the construction of Pg,2k .
But our results carry over to even dimensions provided we identify operators that agree modulo
operators of order 2(Re k)−bn/4c− 1. To see this, one first extends the GJMS construction to
the case of k = 0 by letting Lg,0 be the identity operator. One then applies the same reasoning
as in Sections 2 through 4, below, taking into account the degrees of the various polynomials
in k.
The GJMS construction uses the “ambient” manifold and metric of Fefferman and Gra-
ham [11]. The ambient metric in general exists only as a Taylor series in one variable, say s.
For even n this Taylor series is well-defined only up to and including the order 12 n−1 term, and
this results in the upper bound on k, above. It is likely that by modifying the even-dimensional
GJMS construction one can eliminate the upper bound on k and at the same time replace the
number 2(Re k) − bn/4c − 1, above, with the number 2(Re k) − n. To do this, one would
perform our operator identification procedure during the GJMS construction itself, not after the
polynomial continuation as we do. One would thus discard those terms of Lg,2k which involve
more than 12 n − 1 s-derivatives of the ambient metric components.
It may be possible to use the techniques of this paper to construct other families of pseudo-
differential operators. This would require other families of conformally covariant differential
operators which are indexed by a parameter just as the GJMS operators are.
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2. Notation and background
Most of the material in this section is adapted from Kumano-go [15]. All functions are
complex-valued except as noted. If Ä and Ä2 are open sets, then Ä2 ⊂⊂ Ä means that Ä2 is
a compact subset of Ä. The notation “φ ⊂⊂ ψ in Ä” means that φ and ψ are in C∞0 (Ä) and
that supp φ is contained in an open set on which ψ ≡ 1. A multi-index α = (α1, . . . , αn) is an
n-tuple of nonnegative integers. For f ∈ C∞(Rn) we let
∂αx f =
( ∂
∂x1
)α1 · · · ( ∂
∂xn
)αn f.
We let Dαx f = (1/i)|α|∂αx f , where |α| = α1 + · · · + αn is the order of α. We will write
α! = α1! · · ·αn!. If x ∈ Rn , we will frequently write Rnx instead of Rn .
Definition 2.1. Let m ∈ R be given. A function p(x, ξ) ∈ C∞(Rnx ×Rnξ ) is called a symbol of
order m if for any multi-indices α and β there exists a constant Cα,β such that
|∂αξ Dβx p(x, ξ)| 6 Cα,β〈ξ〉m−|α|
for all x, ξ ∈ Rn. Here 〈ξ〉 = (1+∑ni=1 ξ 2i )1/2. We say p(x, ξ) ∈ Sm on Rn.
Lemma 2.2. Suppose p(x, ξ) ∈ C∞(Rnx×Rnξ ) has compact support in x. Suppose that N > 0
and z ∈ C. Finally, suppose that for all multi-indices β, Dβx p(x, ξ) is homogeneous in ξ of
degree z on {|ξ | > N }. Then p(x, ξ) ∈ SRe z . Now suppose in addition that p(x, ξ) is nonzero
for some x and ξ , where |ξ | > N. Then for any m < Re z, p(x, ξ) /∈ Sm.
Let S denote the set of Schwartz-class functions on Rn , and for f ∈ S, let fˆ denote the Fourier
transform of f .
Definition 2.3. Let m ∈ R and p(x, ξ) ∈ Sm be given, and define P : S→ S by the formula
(P f )(x) = (2pi)−n
∫
Rn
eix ·ξ p(x, ξ) fˆ (ξ) dξ.
Then P is a pseudo-differential operator of order m on Rn , and we write P ∈ Sm.
Example 2.4. Let P =∑α∈A aα(x)Dαx be a partial differential operator on Rn , and suppose
aα(x) ∈ C∞0 (Rn) for all α ∈ A. Then P maps S to S, and P is a pseudo-differential operator
with symbol p(x, ξ) =∑α∈A aα(x)ξα. Here ξα = ξα11 · · · ξαnn .
We use the definition of pseudo-differential operators on manifolds as given in [15]. The
aspect of this definition which will be important for us is the notion of a symbol of an operator
relative to a chart of an atlas {(Ä j , ν j )} on M . Let m ∈ R be given, let Sm(M) denote the set
of all pseudo-differential operators of order m on M , and let P ∈ Sm(M) be given. There then
exists a collection of symbols p j (x, ξ) ∈ C∞(Rnx × Rnξ ) of order m such that one can do the
following. Let {φ j } be a partition of unity subordinate to the cover {Ä j }. Let {ψ j } be a collection
of smooth functions on M such that for all j , φ j ⊂⊂ ψ j in Ä j . Then for any f ∈ C∞(M) and
for any j ,
φ j Pψ j f = φ j p j (X, Dx)ψ j f. (4)
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Here p j (X, Dx) : S→ S is the operator associated with the symbol p j (x, ξ). To evaluate the
right-hand side of (4), we useψ j to cut f off to an element of C∞0 (Ä j ). We then pushψ j f out to
Rn via the chart map ν j , apply the operator p j (X, Dx) to ψ j f , multiply p j (X, Dx)ψ j f by φ j ,
and pull the resulting function back to M via ν j . Notice that for all j , we evaluate p j (x, ξ) at
values of x in ν j (Ä j ) only. But p j (x, ξ) is nevertheless defined on all of Rnx × Rnξ .
Definition 2.5. Let {(Ä j , ν j )} and {(Ä2, j , ν2, j )} be atlases on a manifold M. Suppose that
for all j , Ä2, j ⊂⊂ Ä j and ν2, j = ν j |Ä2, j . Then we will say that the atlas {(Ä2, j , ν2, j )} is a
shrinkage of the atlas {(Ä j , ν j )}.
Proposition 2.6. Let j be given, and suppose there exists µ j ∈ C∞0 (Ä j ) such that µ j ≡ 1 on
Ä2, j . Then p j (x, ξ) andµ j (x)p j (x, ξ) serve as symbols for P relative to the chart (Ä2, j , ν2, j ).
Definition 2.7. For any manifold M , let S−∞(M) =⋂m∈R Sm(M) denote the set of smoothing
operators on M. We define smoothing operators acting on S similarly, and we let S−∞ denote
the set of such operators or the set of all symbols of such operators.
Theorem 2.8. Suppose p(x, ξ) and q(x, ξ) are symbols of some P ∈ Sm(M) relative to a
chart (Ä j , ν j ), and let φ ∈ C∞0 (Ä j ) be given. Then φ(x)
(
p(x, ξ)− q(x, ξ)) ∈ S−∞ on Rn.
Definition 2.9. Let {qi (x, ξ)} be a sequence of pseudo-differential symbols whose orders tend
to −∞. Suppose q(x, ξ) ∈ S` for some ` ∈ R, and suppose that for any m ∈ R there exists
Km > 0 such that q(x, ξ)−
∑k
i=0 qi (x, ξ) ∈ Sm ∀ k > Km. Then we say that
∑∞
i=0 qi (x, ξ) is
an asymptotic expansion for q(x, ξ), and we write q(x, ξ) ∼∑∞i=0 qi (x, ξ).
Theorem 2.10. Let m1, m2 ∈ R be given, and suppose A ∈ Sm1 and B ∈ Sm2 . Then the
composite operator AB is in Sm1+m2 . If σ(A) ◦ σ(B) denotes the symbol of AB, then
(
σ(A) ◦ σ(B))(x, ξ) ∼ ∞∑
|α|=0
1
α!
∂αξ σ (A)(x, ξ) · Dαx σ(B)(x, ξ). (5)
If A and B are differential operators, then (5) holds with equality in place of the tilde.
Theorem 2.11. Suppose qi (x, ξ) ∈ Smi ∀ i , where mi → −∞ monotonically. Then there
exists a symbol q(x, ξ) ∈ Sm1 such that q(x, ξ) ∼∑∞i=0 qi (x, ξ).
Proposition 2.12. Let q(x, ξ) and r(x, ξ) be symbols, and suppose q(x, ξ) ∼ ∑i qi (x, ξ).
Then r(x, ξ) ∼∑i qi (x, ξ) if and only if q(x, ξ)− r(x, ξ) ∈ S−∞.
Proposition 2.13. Suppose q(x, ξ) ∼∑i qi (x, ξ) and suppose ri (x, ξ)−qi (x, ξ) ∈ S−∞ ∀ i .
Then q(x, ξ) ∼∑i ri (x, ξ).
The remaining material in this section will enable us to prove Theorem 4.4, below. Let Ä
and Ä2 be open subsets of M such that Ä2 ⊂⊂ Ä, and suppose that ν and ν˜ are coordinate
maps from Ä into Rn .
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Theorem 2.14. Let m ∈ R and p(x, ξ) ∈ Sm be given. Then ∃ q(y, η) ∈ Sm such that
∀φ,ψ ∈ C∞0 (Ä2) and ∀ f ∈ C∞(M),
φq(Y, Dy)ψ f = φp(X, Dx)ψ f. (6)
The letters x and y in (6) indicate that one pushes functions back and forth between the manifold
and Rn as in (4) via the chart maps ν and ν˜, respectively.
Definition 2.15. Let m ∈ R be given. A function p(x, ξ, x ′, ξ ′) ∈ C∞((Rn)4) is said to be a
double symbol of class Sm,01,0 if for any multi-indices α, α′, β, and β ′ there exists a constant
Cα,α′,β,β ′ such that
|∂αξ ∂α
′
ξ ′ D
β
x D
β ′
x ′ p(x, ξ, x ′, ξ ′)| 6 Cα,α′,β,β ′ 〈ξ〉m−|α|〈ξ ′〉−|α
′|
for all x, ξ, x ′, ξ ′ ∈ Rn.
Any element of Sm defines an element of Sm,01,0 which is independent of its third and fourth
arguments. The elements of Sm,01,0 which we shall encounter in this paper are independent of
their fourth argument.
Let ∂y x(y) denote the Jacobian matrix of the coordinate transformation x = ν ◦ ν˜−1(y). Let
y, y′ ∈ Rny be given, and suppose that the line segment from y′ to y lies in ν˜(Ä). We then let
∇y x(y, y′) =
∫ 1
0
∂y x(y′ + θ(y − y′))dθ. (7)
For all p ∈ Rny and for all ² > 0, let s(p, ²) denote the open ball in Rny with center p and
radius ². Let {g`}∞`=1 denote the set of integral lattice points in Rny . Let d > 0 be given, and
let {φ`}∞`=1 and {ψ`}∞`=1 be sequences of smooth functions on Rny such that
∑
φ` ≡ 1 on Rny
and such that the following conditions hold for all `: (1) supp φ` ⊂ s(dg`, d√n), (2) ψ` ≡ 1
on s(dg`, 2d
√
n), and (3) supp ψ` ⊂ s(dg`, 3d√n). Let A denote the set of all ` such that
supp ψ` ∩ ν˜(Ä2) 6= ∅. If d is sufficiently small, then ∀ ` ∈ A and ∀ y, y′ ∈ s(dg`, 3d√n) we
may define
T (y, y′) = |det(∇y x(y, y′))|−1 |det ∂y x(y′)|.
If B is an invertible square matrix, let Bt I denote the inverse of the transpose of B.
Theorem 2.16. For any sufficiently small constant d > 0 we may define a double symbol
b(y, η, y′) ∈ Sm,01,0 by the formula∑
`∈Aφ`(y) · p
(
x(y), (∇y x(y, y′))t Iη
) · ψ`(y′) · T (y, y′). (8)
There exists a symbol q(y, η) having the properties of the symbol q(y, η) of Theorem 2.14 as
well as the property that ∀φ ∈ C∞0 (Ä2),
φ(y)q(y, η) ∼
∑
α
φ(y)
1
α!
∂αη D
α
y′b(y, η, y′)
∣∣∣
y′=y
. (9)
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3. Construction of operator
We begin by showing that pg,2k,h(x, ξ), the part of σ(Lg,2k)(x, ξ) of homogeneity 2k−h in ξ ,
satisfies (3). This requires a discussion of the GJMS construction and the Fefferman–Graham
ambient manifold and metric construction as described in [13] and [11], respectively. Let g be a
Riemannian metric on M as earlier. Let G be the “metric bundle” whose fiber over any x ∈ M
is Gx = {t2gx : t > 0}. The Fefferman–Graham ambient manifold is the manifold G˜ = G× I ,
where I = (−1, 1) ⊂ R. The map which takes x ∈ M to gx ∈ G gives an embedding of M
into G, and the map that takes gx ∈ G to (gx , 0) ∈ G˜ gives an embedding of G into G˜.
Let x = (x1, . . . , xn) be a local coordinate system on an open subset U of M . To a point
gx = t2gx ∈ G we assign coordinates (x, t), where t > 0. GJMS as well as Fefferman and
Graham choose a defining function ρ for G and then use (x, t, ρ) as local coordinates on G˜.
In [6] Branson has defined a coordinate system (x, u, s) on G˜ in which eu = t and s = ρ.
Now let g = e2ωg, where ω ∈ C∞(M). If we use g to construct G and G˜ we obtain the
same metric bundle and ambient manifold as before. The coordinates u and u relative to the
coordinate systems associated with the two constructions satisfy u(p)+ ω(x(p)) = u(p) for
points p ∈ G˜.
Fefferman and Graham construct a Taylor series in s for a pseudo-Riemannian ambient
metric g˜ on G˜. We may express g˜ as in [6, p. 3680]:
g˜ = e2u{gi j (x, s) dxi dx j + 2s du2 + 2 du ds}.
Here gi j (x, 0) = gi j (x). The Taylor series for g˜ enables us to work with a d’Alembertian ¤˜ on
the ambient manifold.
Definition 3.1. Let k > 0 be an integer, and let w = −(n − 2k)/2, and let w′ = w − 2k. Let
f ∈ C∞(M) be given, and let f (x, s) be any local extension of f to a neighborhood of U in
G˜ which is constant on any given fiber of G. Then
(Lg,2k f )(x) =
(
e−w
′u¤˜kewu f (x, s))∣∣
s=u=0 (10)
for all x ∈ U. Here ¤˜k denotes the composition of k of the operators ¤˜.
This definition is independent of the extension of f used. GJMS actually require k > 0, but
the construction also succeeds if k = 0.
Now let xn+1 = u and xn+2 = s. We then have local coordinates x˜ = (x1, . . . , xn+2) on G˜.
Let ξx = (ξ1, . . . , ξn).
Lemma 3.2. The symbol σ(Lg,2k)(x, ξx) satisfies
σ(Lg,2k)(x, ξx) = σ(e−w′u¤˜kewu)|u=s=ξn+1=ξn+2=0. (11)
Proof. For some collection A of multi-indices and some smooth functions aα(x, u, s)we have
e−w
′u¤˜kewu =∑α∈A aα(x, u, s)Dαx˜ . Thus for all x = (x1, . . . , xn) ∈ U ,
(Lg,2k f )(x) =
∑
α∈B
aα(x, u, s)Dαx˜ f (x, s)
∣∣
u=s=0, (12)
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where B = {α ∈ A : αn+1 = 0}. But (12) is independent of the the extension f (x, s) of f (x).
So if αn+2 6= 0 for some α ∈ B, then aα(x, 0, 0) = 0 for all x ∈ U . ¤
Further refinement of (11) will require two lemmas.
Lemma 3.3. Let¤ denote the d’Alembertian associated with some pseudo-Riemannian metric
g on some manifold N. Let y = (y1, . . . , yd) be a local coordinate system on N , and let
integers k > 0 and h > 0 be given. Let p˜g,2k,h(y, η) be the homogeneous order 2k − h part
of σ(¤k)(y, η), where ¤k denotes the composition of k of the operators ¤. Then for |η|2g 6= 0,
p˜g,2k,h(y, η) satisfies
p˜g,2k,h(y, η) = (|η|2g)k−2hrg,h(y, η, k), (13)
where rg,h(y, η, k) is polynomial in η and k, is homogeneous in η of degree 3h, and is of degree
at most 2h in k. Moreover rg,0(y, η, k) ≡ 1.
Proof. Let g denote the determinant of the component matrix of the metric g relative to the y
coordinate system. Let Di = (1/i)(∂/∂yi ), 1 6 i 6 n. For any f ∈ C∞(N ),¤k f is given by
|g|−1/2 Di1 gi1 j1 |g|1/2 D j1 · · · |g|−1/2 Dik gik jk |g|1/2 D jk f, (14)
where |g|−1/2, |g|1/2, giv jv , 1 6 v 6 k, are multiplication operators. We expand (14) by using
the Leibniz rule for derivatives, and we let A2k,h be the set of terms in the resulting expansion
in which exactly 2k − h derivatives are applied to f .
Let T ∈ A2k,h be given. For any v, 1 6 v 6 k, let us “tag” the operator
|g|−1/2 Divgiv jv |g|1/2 D jv (15)
in (14) if, in the expression for T , either (1) Div or D jv is not applied to f or (2) ∃ t < v such that
Dit or D jt is applied to |g|−1/2, giv jv , or |g|1/2 in (15). At most 2h of the operators of the form
(15) in (14) can be so tagged. We may classify each T ∈ A2k,h according to its associated set of
tagged operators in (14). For each `, 0 6 ` 6 2h, there are exactly k(k − 1) · · · (k − `+ 1)/`!
ways of choosing ` operators to tag. Thus
p˜g,2k,h(y, η) =
2h∑
`=0
k(k − 1) · · · (k − `+ 1)
`!
(|η|2g)k−`r˜g,h,`(y, η),
where r˜g,h,`(y, η) is either the zero function or a homogeneous polynomial in η of degree 2`−h.
¤
Now let g again be the Riemannian metric on M which we discussed earlier.
Lemma 3.4. Let integers k > 0 and h > 0 be given. Then for |ξ |2g˜ 6= 0, the homogeneous
order 2k − h part of σ(e−w′u¤˜kewu) is of the form
e2ku(|ξ |2g˜)k−2hq ′g˜,h(x, u, s, ξ, k), (16)
where q ′g˜,h(x, u, s, ξ, k) is polynomial in ξ and k, is homogeneous in ξ of degree 3h, and is of
degree at most 2h in k. Moreover, q ′g˜,0(x, u, s, ξ, k) ≡ 1.
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Proof. We apply Theorem 2.10. For |ξ |2g˜ 6= 0, the homogeneous order 2k − h part of
σ(e−w
′u¤˜kewu) is
h∑
j=0
e−w
′u 1
j!
(
∂
∂ξn+1
) j[
(|ξ |2g˜)k−2(h− j)rg˜,h− j (x, u, s, ξ, k)
] · (w
i
) j
ewu, (17)
where rg˜,h− j is a polynomial in ξ and k which is homogeneous in ξ of degree 3(h − j) and is
of degree at most 2(h − j) in k. By applying the Leibniz rule for derivatives, we see that (17)
is equal to
h∑
j=0
e2ku(|ξ |2g˜)k−2h+ j q ′′g˜,h, j (x, u, s, ξ, k), (18)
where q ′′g˜,h, j (x, u, s, ξ, k) is homogeneous in ξ of degree 3h − 2 j and of degree at most 2h
in k. ¤
We may now prove (3). Our proof uses the components of the cometric g˜#, which we obtain by
inverting the component matrix of g˜. Since g˜ may exist only as a Taylor series, the components
of g˜# may likewise exist only as Taylor series.
Theorem 3.5. Let integers k > 0 and h > 0 be given, and let pg,2k,h(x, ξx) denote the
homogeneous order 2k − h part of σ(Lg,2k)(x, ξx). Then for all ξx 6= 0,
pg,2k,h(x, ξx) = |ξx |2k−4hg qg,h(x, ξx , k), (19)
where qg,h(x, ξx , k) is polynomial in ξx and k, is homogeneous in ξx of degree 3h, and is of
degree at most 2h in k. Moreover qg,0(x, ξx , k) ≡ 1.
Proof. Consideration of the components of g˜# shows that
|ξ |2g˜
∣∣
u=s=ξn+1=ξn+2=0 = |ξx |
2
g.
Now g is positive definite. So if ξx 6= 0, then by Lemmas 3.2 and 3.4 we have
pg,2k,h(x, ξx) = |ξx |2k−4hg q ′g˜,h(x, 0, 0, ξ, k)
∣∣
ξn+1=ξn+2=0. (20)
The dependence of q ′g˜,h(x, 0, 0, ξ, k)|ξn+1=ξn+2=0 on g˜ arises because of the presence of ¤˜k
in (10). But σ(¤˜k) depends on the coordinate system (x, u, s), that is, on g. Thus (20) is of the
form of (19). ¤
We will use (19) to define Pg,2k . Let {(Äi , νi )} be any locally finite atlas on M such thatÄi is
compact for all i . Let {(Ä2,i , ν2,i )} be a shrinkage of {(Äi , νi )}, and for each i , choose a cutoff
function µi ∈ C∞0 (Äi ) such that µi ≡ 1 on Ä2,i . Let τ : R → [0, 1] be a smooth function
satisfying τ ≡ 0 on (−∞, 2] and τ ≡ 1 on [3,∞). For all ξ ∈ Rn , let |ξ | = (∑nv=0 ξ 2v )1/2. For
all C > 0 and for all z ∈ C, let Cz = ez ln C . For each i let qg,i,h(x, ξ, k) be the polynomial
qg,h(x, ξx , k) from Theorem 3.5 corresponding to the chart (Äi , νi ). Let k ∈ C be given. By
206 L.J. Peterson
Lemma 2.2 and Theorem 2.11, we may choose a symbol pg,2k,i (x, ξ) ∈ S2(Re k) satisfying
pg,2k,i (x, ξ) ∼
∞∑
h=0
τ(|ξ |2)µi (x)|ξ |2k−4hg qg,i,h(x, ξ, k). (21)
Let {φi } be a partition of unity subordinate to the cover {Ä2,i }, and for all i let ψi satisfy
φi ⊂⊂ ψi in Ä2,i .
Definition 3.6. The operator Pg,2k : C∞(M)→ C∞(M) is given by the formula
Pg,2k =
∑
i
φi pg,2k,i (X, Dx)ψi . (22)
4. Properties of operator
Our work in this section depends heavily on the fact that for all integers k > 0, Lg,2k−Pg,2k ∈
S−∞(M). To prove this one uses Theorem 4.1, below, which follows from the definition of
pseudo-differential operators on manifolds given in [15].
Theorem 4.1. Let {(Äi , νi )} be any locally finite atlas on M such that Äi is compact for all i .
Let m ∈ R be given, and suppose that pi (x, ξ) ∈ Sm ∀ i . Let {φi } be a partition of unity
subordinate to the cover {Äi }, and for all i suppose that ψi satisfies φi ⊂⊂ ψi in Äi . Then∑
i φi pi (X, Dx)ψi ∈ Sm(M).
Now let notation be as in our construction of Pg,2k in Section 3. For any i and for any integer
k > 0, Lg,2k has a symbol rg,2k,i (x, ξ) relative to the chart (Ä2,i , ν2,i ) which satisfies
rg,2k,i (x, ξ) ∼
∞∑
h=0
µi (x)|ξ |2k−4hg qg,i,h(x, ξ, k). (23)
Theorem 4.2. Let k > 0 be an integer. Then Pg,2k − Lg,2k is a smoothing operator.
Proof. For all i , pg,2k,i (x, ξ)− rg,2k,i (x, ξ) ∈ S−∞, by Lemma 2.2. ¤
Theorem 4.3. Let k ∈ C be given. Letw = −(n−2k)/2 and letw′ = −(n+2k)/2. Then Pg,2k
is conformally covariant of bidegree (−w,−w′). This means that if g = Ä2g as in Section 1,
then Pg,2k −Äw′Pg,2kÄ−w ∈ S−∞(M).
Proof. We will show that∑
i
φi
[
pg,2k,i (X, Dx)−Äw′ pg,2k,i (X, Dx)Ä−w
]
ψi (24)
is of the form
∑
i φi si (X, Dx)ψi , where si (x, ξ) ∈ S−∞ for all i . Let 31,i and 32,i be smooth
cutoff functions such that ψi ⊂⊂ 32,i ⊂⊂ 31,i in Ä2,i for all i . It suffices to show that
32,i
[
pg,2k,i (x, ξ)− (Äw′31,i pg,2k,i (x, ξ)) ◦ (Ä−w31,i )
] (25)
is a smoothing symbol.
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Let us first assume that k is a nonnegative integer. We know that
32,i
[
Lg,2k − (Äw′31,i )Lg,2k(Ä−w31,i )
]
is the zero operator. Thus (25) is equal to
32,i
[
pg,2k,i (x, ξ)− rg,2k,i (x, ξ)
]
−32,iÄw′
(
pg,2k,i (x, ξ)− rg,2k,i (x, ξ)
) ◦ (Ä−w31,i ). (26)
This is a smoothing symbol. Hence for all integers k > 0, (25) is a smoothing symbol.
We now let k again be any complex number, and we derive an asymptotic expansion for (25).
For any integer H > 0,(
32,iÄ
w′ pg,2k,i (x, ξ)
) ◦ (Ä−w31,i ) (27)
=
H∑
h=0
(
32,iÄ
w′τ(|ξ |2)|ξ |2k−4hg qg,i,h(x, ξ, k)
) ◦ (Ä−w31,i )+ e2(Re k)−H−1(x, ξ). (28)
For any ` ∈ R, e`(x, ξ) is any symbol of order `. The meaning of e`(x, ξ) may change from
line to line. By Theorem 2.10 we see that (28) is
H∑
h=0
h∑
|α|=0
1
α!
∂αξ
(
32,iÄ
w′τ(|ξ |2)|ξ |2k−4(h−|α|)g qg,i,h−|α|(x, ξ, k)
)
× DαxÄ−w + e2(Re k)−H−1(x, ξ).
(29)
Term h of the outer sum in (29) is independent of H as long as h 6 H . The presence of
e2(Re k)−H−1(x, ξ) in (29) allows us to replace any term in the sum with a term that agrees with
it modulo smoothing symbols. We may thus rewrite (29) as
H∑
h=0
h∑
|α|=0
τ(|ξ |2) 1
α!
32,iÄ
w′∂αξ
(|ξ |2k−4(h−|α|)g qg,i,h−|α|(x, ξ, k)) · DαxÄ−w
+ e2(Re k)−H−1(x, ξ)
(30)
=
H∑
h=0
h∑
|α|=0
τ(|ξ |2)32,iÄ−2k |ξ |2k−4hg q ′g,i,h,α(x, ξ, k)+ e2(Re k)−H−1(x, ξ) (31)
=
H∑
h=0
32,i (x)τ (|ξ |2)|ξ |2k−4hg q ′′g,i,h(x, ξ, k)+ e2(Re k)−H−1(x, ξ), (32)
where q ′g,i,h,α(x, ξ, k) and q ′′g,i,h(x, ξ, k) are polynomials in ξ and k which are homogeneous
in ξ of degree 3h and of degree at most 2h in k. Thus for any k ∈ C our desired asymptotic
expansion of (25) is
∞∑
h=0
32,i (x)τ (|ξ |2)|ξ |2k−4hg
(
qg,i,h(x, ξ, k)− q ′′g,i,h(x, ξ, k)
)
. (33)
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Now let k again be a nonnegative integer. Then (25) is in S−∞, and hence by Lemma 2.2 the
terms of (33) are likewise in S−∞. It follows that
qg,i,h(x, ξ, k)− q ′′g,i,h(x, ξ, k) (34)
equals zero for all x ∈ supp 32,i . But then for all x ∈ supp 32,i , (34) is a polynomial in k of
degree at most 2h which is zero for all integers k > 0. Thus the polynomial continuation of (34)
to all complex numbers k is zero for all x ∈ supp 32,i . ¤
We now show that Pg,2k is well-defined.
Theorem 4.4. Modulo S−∞(M), the operator Pg,2k is independent of the specific choice of the
atlases {(Äi , νi )} and {(Ä2,i , ν2,i )}, the partition of unity {φi }, and the cutoff functions ψi that
we used in constructing it.
Proof. Choose a locally finite countable atlas {(Ä j , ν j )}∞j=1 on M such that for all j , Ä j is
compact, and choose shrinkages {(Äv, j , νv, j )}, 2 6 v 6 5, of {(Ä j , ν j )} such that for all j ,
Ä5, j ⊂⊂ Ä4, j ⊂⊂ Ä3, j ⊂⊂ Ä2, j . The letter j will distinguish these atlases and any associated
objects from the i-atlases and their associated objects. We will construct an asymptotic expan-
sion for a symbol of Pg,2k relative to each chart (Ä5, j , ν5, j ), and the terms of this expansion
will be independent of the choices we mentioned in the statement of the theorem. To construct
the asymptotic expansion we first find a symbol for each operator φi pg,2k,i (X, Dx)ψi relative
to each chart (Ä3, j , ν3, j ).
We use the notation and coordinate change theorems of Kumano-go [15], as discussed in
Section 2. The setsÄi∩Ä j andÄ2,i∩Ä2, j will, however, replace the setsÄ andÄ2, respectively,
from Section 2, and the chart maps νi |Äi∩Ä j and ν j |Äi∩Ä j will replace ν and ν˜, respectively. The
letter ` will distinguish φ` and ψ`, as defined in Section 2, from similarly-named objects.
Let {φ j } be a partition of unity subordinate to the cover {Ä3, j }, and for all j , let ψ j satisfy
φ j ⊂⊂ ψ j in Ä3, j . Choose functions 31, j and 32, j such that for all j , 32, j ≡ 1 on Ä3, j and
32, j ⊂⊂ 31, j in Ä2, j .
Fix both i and j . For all integers h > 0 let pg,2k,i,h(x, ξ) denote term h of the asymptotic
expansion in (21), and let H be any given positive integer. Then
φi pg,2k,i (X, Dx)ψi =
H∑
h=0
φi pg,2k,i,h(X, Dx)ψi + φi e2(Re k)−H−1(X, Dx)ψi . (35)
By Theorem 2.14 there exists a symbol e2(Re k)−H−1(y, η) on Rny such that
φ jφi e2(Re k)−H−1(X, Dx)ψiψ j = φ j31, jφi e2(Re k)−H−1(Y, Dy)ψi31, jψ j . (36)
There thus exists a symbol e2(Re k)−H−1(y, η) such that
φ jφi e2(Re k)−H−1(X, Dx)ψiψ j = φ j e2(Re k)−H−1(Y, Dy)ψ j . (37)
Now fix h, 0 6 h 6 H . There exists a symbol qg,2k,i, j,h(y, η) ∈ S2(Re k)−h on Rny such that
φ jφi pg,2k,i,h(X, Dx)ψiψ j = φ j32, jφi qg,2k,i, j,h(Y, Dy)ψi31, jψ j . (38)
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By Theorem 2.10, the symbol of the operator 32, jφi qg,2k,i, j,h(Y, Dy)ψi31, j on Rny is
32, j (y)φi (y)qg,2k,i, j,h(y, η)+ e−∞(y, η). (39)
If the positive constant d used in the definition of the functions φ` and ψ` is sufficiently small,
then by Theorem 2.16 we obtain an asymptotic expansion of (39) of the form∑
α
32, j (y)φi (y)
1
α!
∂αη D
α
y′bg,2k,i, j,h(y, η, y′)
∣∣∣
y′=y
. (40)
Here bg,2k,i, j,h(y, η, y′) is given by∑
`∈Aφ`(y) · pg,2k,i,h
(
x(y), (∇y x(y, y′))t Iη
) · ψ`(y′) · T (y, y′). (41)
Let ` ∈ A be given, and let W` be an open subset ofRny containing supp ψ` such that W` ⊂⊂
s(dg`, 3d
√
n). There then exists a constant C` ∈ R such that for all (y, y′) ∈ W` × W`, the
matrix (∇y x(y, y′))t defines a linear operator on Rn of norm at most C`. If |η| > C`
√
3, then
|(∇y x(y, y′))t Iη|2 > 3 for all (y, y′) ∈ W` × W`. So for a given α, if |η| is sufficiently large,
then ∂αη Dαy′bg,2k,i, j,h(y, η, y′) is equal to∑
`∈Aφ`(y) µi (y) ∂
α
η D
α
y′
((|(∇y x(y, y′))t Iη|2g)k−2hq ′g,i, j,`,h(y, y′, η, k) ψ`(y′) T (y, y′)). (42)
Here q ′g,i, j,`,h(y, y′, η, k) is some polynomial inη and k which is homogeneous inη of degree 3h,
is of degree at most 2h in k, and is defined for all y, y′ ∈ s(dg`, 3d√n). By |(∇y x(y, y′))t Iη|2g
we mean the square of the length of the cotangent vector at x = x(y) whose components
relative to the x-coordinates are given by the n-tuple (∇y x(y, y′))t Iη. If |η| is large, then (42)
is given by(|(∇y x(y, y′))t Iη|2g)k−2h−2|α|q ′′g,i, j,α,h(y, y′, η, k). (43)
Here q ′′g,i, j,α,h(y, y′, η, k) is a polynomial in η and k which is homogeneous in η of degree
3(h + |α|), is of degree no more than 2(h + |α|) in k, and has compact y- and y′-support in
Äi ∩Ä j .
A straightforward computation shows that |(∇y x(y, y))t Iη|2g is the square of the length of the
cotangent vector ηvdyv at y, which we will write as |η|2g. Thus the operator φi pg,2k,i (X, Dx)ψi
on M has a symbol relative to the chart (Ä3, j , ν3, j ) given by
H∑
h=0
H−h∑
|α|=0
32, j (y) φi (y)
1
α!
τ(|η|2)|η|2k−4(h+|α|)g q ′′g,i, j,α,h(y, y, η, k)+ e2(Re k)−H−1(y, η). (44)
Multiply (44) by a cutoff function which is compactly supported in Ä3, j and identically 1
on Ä4, j . If we then sum (44) over i and let H tend to infinity, then one can use Theorem 2.8 to
show that there exists a symbol for Pg,2k relative to the chart (Ä4, j , ν4, j ) having an asymptotic
expansion of the form
∞∑
h=0
τ(|η|2)|η|2k−4hg q ′′′g, j,h(y, η, k). (45)
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Here q ′′′g, j,h(y, η, k) is a polynomial in η and k which is homogeneous in η of degree 3h, is of
degree at most 2h in k, and has compact y-support in Ä3, j .
Now suppose k > 0 is an integer. There exists a symbol of the operator Lg,2k relative to the
chart (Ä4, j , ν4, j ) which has an asymptotic expansion of the form
∞∑
h=0
τ(|η|2)31, j (y)|η|2k−4hg rg, j,h(y, η, k), (46)
where rg, j,h(y, η, k) is a polynomial in η and k which is homogeneous in η of degree 3h and is
of degree at most 2h in k. Let φ ∈ C∞0 (Ä4, j ) be given. By Theorem 4.2 and Theorem 2.8,
∞∑
h=0
φ(y)τ (|η|2)|η|2k−4hg
(
rg, j,h(y, η, k)− q ′′′g, j,h(y, η, k)
)
(47)
is an asymptotic expansion of a smoothing symbol. By Lemma 2.2,
rg, j,h(y, η, k)− q ′′′g, j,h(y, η, k) = 0
for all y ∈ supp φ. Since k is an arbitrary nonnegative integer, we see that for all y ∈ Ä4, j , the
polynomial continuation of rg, j,h(y, η, k) − q ′′′g, j,h(y, η, k) to arbitrary complex values of k is
zero.
Now let k again be any complex number, and let ρ j ∈ C∞0 (Ä4, j ) satisfy ρ j ≡ 1 on Ä5, j .
Then ∞∑
h=0
ρ j (y) τ (|η|2)|η|2k−4hg rg, j,h(y, η, k) (48)
is an asymptotic expansion for a symbol of Pg,2k relative to the chart (Ä5, j , ν5, j ). ¤
Remark 4.5. In view of (48) we can say informally that Pg,2k has leading symbol |η|2kg .
We conclude by showing that distinct choices of k give distinct operators.
Theorem 4.6. Let k, k ′ ∈ C be distinct, and suppose Re k > Re k ′. Let m < 2 Re k be given.
Then Pg,2k − Pg,2k ′ ∈ S2(Re k)(M), and Pg,2k − Pg,2k ′ /∈ Sm(M).
Proof. Let the notation be as in (48). Then Pg,2k − Pg,2k ′ has a symbol relative to the chart
(Ä5, j , ν5, j ) of the form
ρ j (y)τ (|η|2)(|η|2kg − |η|2k
′
g )+ e2(Re k)−1(y, η). (49)
If φ(y) ∈ C∞0 (Ä5, j ) is not identically zero, then φ(y) τ (|η|2)(|η|2kg − |η|2k
′
g ) is in S2(Re k) but
not in S2(Re k)−² for any ² > 0. The result now follows from Theorem 2.8. ¤
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